Abstract
Introduction
The ability to predict the dynamic behavior of a grasp with a given dynamic model and the control algorithms is critical to the design and analysis of multifingered grippers, legged locomotion systems, multi-arm systems, and other constrained robot systems [6, 111. The dynamic analysis and the simulation (the prediction of motion given the external forces and moments on the system) of such systems is central to the design of such systems and the development of control algorithms [3, 161. In the forward dynamics problem, it is well-known that in the frictionless case there is always a unique solution for the accelerations. When the constraints are not all independent, the system is statically indeterminate and the constraint forces cannot be uniquely determined [7, 15, 131 . In the frictional case, if the Coulomb frictional model is adopted, then the dynamics are more complicated. If all contacts are known to be rolling (sticking), then the relative tangential velocity is zero at each contact, and the existence of a solution can be shown if the constraints are independent [13]. In all other cases, the initial value problem can be shown to have no solution or multiple solutions for special choices of initial conditions [7, 81. Recently, there has been some attention in the robotics community on overcoming these shortcomings by using rigid body models to predict the gross motion while using compliant contact models to predict the contact forces and the local deformations [5]. For example, a continuum model for modeling the deformations at each contact is described in [15] . Each contact is modeled as frictional elastic or viscoelastic, and the contact force distribution across the contact patch is calculated using a finite-element mesh [4, 14, 151. Existence and uniqueness can be shown for the special case in which the maximum tangential force at each point is a priori known [4]. In contrast, Mirtich et al. [lo] propose efficient, approximate algorithms for "impulsive dynamic simulation" that incorporate approximate impact models for collisions, thus trading off accuracy for efficiency. An explicit model of the contact compliance [Z, 51 also allows the analysis of statically indeterminate grasps. Of course such contact models tend to be more complex and the parameters are more difficult to identify. Further, it is harder to simulate systems in which the time scale for the dynamics of contact interactions is significantly different from the time scale of rigid body dynamics [9, 121.
The compliant contact model, while resolving the difficulties with the forward dynamics problem, can result in a high-dimensional, stiff system of equations and a run time that is unacceptable for real-time simulation. The simplicity and efficiency of rigid body models, on the other hand, provide strong motivation for their use during those portions of a simulation when the rigid body solution is unique and stable [12]. In this paper, we combine the positive aspects of both models and develop an integrated approach to dynamic simulation. We use a rigid body dynamic model whenever appropriate guarantees of accuracy are available, and switch to a compliant contact model in other cases. This is illustrated through examples of whole arm grasps.
Models

Rigid body dynamics
We consider a system of multiple rigid effectors operating on rigid objects subject to Coulomb's friction as shown in Figure 1 . The dynamic equations of motion can be written as where q E 3'' is the vector of generalized coordinates, M ( q ) is an n x n positive-definite symmetric inertia matrix, h(q, q ) is a n x l vector of nonlinear inertial forces, U is the vector of applied (external) forces and torques, and X is the vector of constraint forces. The system is subject to IC unilateral constraints: and W in Eq.(l) is the kxn Jacobian matrix, ( g)T. We will assume, without loss of generality, that this does not include bilateral, holonomic constraints. Further, for the sake of simplicity, we will assume that nonholonomic constraints are not Dresent. Figure 1 : A general whole arm grasp.
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Suppose there are n c contacts, consisting of nR rolling contacts and n s sliding contacts. Let the subscripts N and T denote quantities in the normal and tangential contact directions and S and R denote sliding and rolling contacts respectively. The Jacobian matrix and constraint forces in Eq.(l) are given by:
A = (4)
where ps = -diag(psign(&s)), p is a n s x n s diagonal matrix that contains all the coefficients of friction at the sliding contacts, W, is a n x n s matrix, W N R and W T R are both n x n R matrices, and the total number of constraints k = 2 n~ +ns. XNS is the ns-dimensional vector of normal forces at sliding contacts, while XNR and XTR are the n R x 1 vectors of normal and tangential forces at rolling contacts, respectively. Contacts between rigid bodies generate complementary constraints on the position (or velocity or acceleration) variables and the corresponding force variables. The question of whether there exists a unique solution for q that is consistent with these constraints and Equations (1 -4) and has been studied using complementarity formulations [7, 131. The problem of determining contact forces can be reduced to a linear complementarity problem (LCP) that has the form [13]: 
Compliant contact m o d e l s
The basic idea of the compliant contact model is shown in Figure 2 , where the rigid body is shown surrounded by a very thin deformable layer the inertia of which is considered to be negligible. In the planar case, the actual relative displacement of the contact point is Consider the planar whole arm manipulation system shown in Figure 3 . We assume that each link of each arm (finger) has one contact point with the object. These links are called effectors. Each joint has one degree of freedom. Cg is the base frame and Ci is the coordinate frame attached to the ith contact point. Let T axis of Ci be aligned with the tangent to the object's surface, while the N axis is in the direction of the inward normal.
The generalized coordinates can be chosen as q =
[zT OTIT E ?R7, where z E ?R3 describes the position and orientation of object and 0 E !U4 be the joint angle of the robot manipulator. We define G N ,~ and G T ,~ E 8' as the unit wrenches associated with contact forces AN,* and AT,( respectively. Let J: and JF E %4x4 be the arm Jacobians which map the normal and tangential contact wrenches to the joint torque r E 32'. If Coulomb's friction law is assumed, the dynamics of the system in Figure 3 can be written in the form of Eqs.(l-4) as:
where W E ?R7x(2nR+ns) is given by Eq. (3) In this case there is no unique solution for the contact forces and accelerations. This may happen for any of the three cases (a-c) above. Finally, in the third scenario, Eq.(ll) is not satisfied. In this case, it is impossible to know what the contact forces are and therefore it is not possible to check for constraints on the contact forces.
The nR = 4, ns = 0 case falls into this category. In the second and third scenarios, it is necessary to pursue a more complex model and as we argued before, the compliant contact model is the model of our choice. The next section illustrates our approach to integrating the two models.
Simulation approach and results
Approach to simulation
In Section 2, we discussed the advantages and disadvantages of both the LCP formulation and the compliant contact model. We propose an integrated approach to simulation that combines the strength of both models. The main idea is shown in Figure 4 . The key step in this approach is to build the compliant contact state from the rigid body state variables when rigid body dynamics does not have a unique and stable solution for the contact, forces [12] . However, during the switch from the LCP formulation to the compliant contact model, it is necessary to ensure that the state of the system and the dynamic model are continuous. This is done in the following way.
1. Use the gross motion of the rigid body system to compute the relative velocities at each contact point. In the case of grasping and manipulation tasks, for example, this can be given by Eq.(9). 2. Use the contact forces, AN and AT, from the initial conditon or obtained by solving the LCP formulation from the previous time step, t o , to construct the initial compliant contact state in both normal and tangential directions. For the ith contact in the normal direction, 
Simulation results
In this subsection, we will use the simulations of two frictional whole arm manipulation tasks to illustrate the use of the LCP model, the compliant contact model, and the integrated approach given above. In both tasks, the fingers of a two 2-DOF fingered hand is used to manipulate an elliptical object in the horizontal plane with sliding contacts. The configuration of the system is depicted in Figure 3 . This is the ns = 4,nR = 0 scenario discussed in Section 3. The object has a major axis of 0.30m and its minor axis is 0.22m. The mass of the object is 1.69kg, and the moment of inertia about the center of mass is 1 . 4 6~1 0 -~k g . m~. The fixed palm of the hand is 0.10m long. The length of each finger link is 0.20m. The mass of the finger link is 0.5kg with a centroidal moment of inertia of 1 . 6 7~ 10-3kg.m2.
The joints of the hand are driven by torque motors via a simple computed torque feedback law designed to manipulate the object along a desired trajectory. The details of the feedback law are explained in [16] . Although the grasp itself is statically indeterminate (four forces in the plane), because the torques are specified, the system is statically determinate. The rank of W , E 9?7x4 remains four at all times. Since the system has three independent degrees of freedom, it is easy to verify that the grasped object can be manipulated in three independent directions.
For a frictionless task, the matrix W N S E 9?7x4 is full rank and W Z s M -' W~s is symmetric and positive definite. Therefore the A matrix in the LCP formulation given by Eq. (5) is always a P-matrix, and hence the LCP formulation always has an unique solution for the contact forces. However, in the frictional case A , expressed by W Z s M -l W , , is no longer a guaranteed P-matrix. Whether A is a P-matrix or not depends on the configuration of the system, q , as well as the coefficient of friction, p , at the contact points.
We first consider the situation when the rigid body model has a unique solution throughout the duration of the simulation. We use this example to demonstrate and compare the performance of the rigid body model and the compliant contact model. In the second example, we show simulations for the case when difficulties of uniqueness and existence arise during a simulation by using the integrated approach.
The compliant contact model used in both examples is Kelvin-Voigt model with the following nondimensional form: where m, is the mass of the object. Example 1: LCP has a unique solution The manipulation task is to rotate the object while keep its center of mass stationary. A fifth order polynomial is used to interpolate the orientation of the object. It can be shown that for this plan, if we choose p = 0.1 at all four contact points, the A matrix in the LCP formulation is always a P-matrix. The desired rotation of the object and the corresponding input joint torque history are shown in Figure 5 .
The simulation results are provided for the rigid body LCP solution and for the compliant contact model for different values of 6 (1 x
The main point to be observed here is that the solution of the compliant contact model is seen to approach the LCP solution with decreasing values of E . Figure 6 shows the snap shots of the simulation results for system configurations. Figure 7 shows the variation of the normal and tangential contact forces at each contact point. The manipulation task, which is to rotate the object from 70 degree to 110 degree in 1 second, can be simulated by either compliant model or the rigid body LCP model as depicted in Figure 9 (a). The input torque history shown in Figure 9 (b) is obtained through the same approach as in Example 1. If we set the coefficient of friction between the object and arm links l and 3 as p1 = 0.8, and p2 = 0.6 for links 2 and 4, we can show [17] that the P-matrix condition is not always satisfied during the task. For example, Figure 10 shows that at t = 0.2sec the chosen coefficient of friction falls into the P-matrix region while at t = 0.5sec it does not. The integrated approach proposed in the previous subsection is used to automatically switch the simulation flow between the rigid body LCP model and the CC (compliant contact) model based on the P-matrix criterion and the stability conditions. The results are illustrated in Figures 11-13 . The small circles on the plots indicate the switching points during the simulation. There are two points worth noting. First, the integrated approach enables a continuous transition for the system dynamics when switching between models. There are two switches in the simulation. The first one, at t = 0.420sec, is a switch from LCP to CC model. The second one, at t = 0.643sec, switches the simulation back to using the LCP model. Second, directions of the relative tangential velocities at contact points 2 and 4 change as shown in Figure 13(b) . Since Coulomb's friction law is used, this change in direction causes a discontinuity in both the input joint torque trajectory and the contact force history.
Concluding remarks
It is well-known that there are difficulties in using rigid body dynamic models for the dynamic simulation of systems with frictional contacts. In particular, when rigid body models are used in conjunction with Coulomb friction for dynamic simulation of systems with frictional contacts, there may be situations in which there are no solutions or multiple solutions for the contact forces and the accelerations. On the other hand, a simple compliant contact model, when used with the rigid body dynamic equations of motion, always yields a unique solution for the accelerations and the forces. While this model is superior to the traditional rigid body model in terms of accuracy and robustness, it is also more complex and requires a larger number of parameters. Therefore, it is appealing to use rigid body models whenever concerns of uniqueness and existence do not arise.
In this paper, we proposed an approach to simulation that integrates the compliant contact model and the rigid body LCP model to maximize computational efficiency without compromising accuracy. This is done by using the rigid body model whenever possible and by switching to a compliant contact model when the equations show a potential problem with existence or uniqueness. We presented a range of examples to show that this method can be used to simulate any planar enveloping or whole arm grasps.
There are some obvious issues to consider in future research. First, the extension to three-dimensions, although straightforward from a conceptual standpoint, is difficult from a practical view point because of the frictional model and the tangential constraints. Second, the process of developing the state for the compliant contact model before a transition is based on the assumption that 6~, i = 0 at each contact. Although this ensures a continuous transition between the two models, there is no physical basis for this assumption. If the rigid body dynamic model solution is stable [12], this erroneous assumption simply introduces a perturbation that gets damped out very quickly. Understanding the effect of such perturbations on the simulation results is a central focus of our ongoing work.
